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Abstract

We build a quantitative theory of income growth, the increase in life expectancy in the
last two centuries, and the emergence and expansion of a modern health sector in the 20th
century. To do so, we develop a two-sector overlapping generations model with endoge-
nous and directed technical change in which income growth, life expectancy, technological
progress in the health and the final goods sector, as well as the size of the health sector
and the quality and price of the goods it produces are jointly determined in general equi-
librium. The model interprets the facts as three phases of a dynamic equilibrium in which
households are initially poor and the quality-adjusted price of health goods is prohibitively
high so that demand for health goods is zero, life is short and life expectancy stagnant. As
income grows, fueled by technological progress, households start consuming basic health
goods, life expectancy starts to rise, and directed technological progress eventually, with a

delay of ca. 100 years, leads to the emergence and expansion of a modern health sector.
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1 Introduction

In 1820 the remaining life expectancy® of a twenty year old person living in the United States was
approximately 40 years, per capita income was $2,674 (in constant 2011 US dollars, according
to the Maddison data base) and virtually none of that income was spent on health goods and
services, abstracting from expenditures on basic food and hygiene. In 2019, the year prior to
the COVID-19 pandemic, remaining life expectancy at age twenty stood above 60 years, income
per capita rose to 55,355 (again in constant 2011 US dollars), and close to 20% of that income
was spent on goods produced by a modern, high-tech health sector. In this paper we build
a quantitative theory to explain these observations, and use the theory to investigate what role
government health (care) policies have played in this transition from a life that was poor and short
and without much medical care to one with high incomes, long lives and high-tech, expensive
health care.

To do so we develop a two-sector overlapping generations model with endogenous and directed
technical change in which income growth, life expectancy, technological progress in the health
and the final goods sector, as well as the size of the health sector and the quality and price of
the goods it produces are jointly determined in general equilibrium. The model interprets the
facts as three phases of a dynamic equilibrium in which households are initially poor and the price
of health goods is prohibitively high so that demand for health goods is zero, life is short and
life expectancy stagnant. As income grows, fueled by technological progress, households start
consuming basic health goods, life expectancy starts to rise, and directed technological progress
eventually, with a delay of ca. 100 years, leads to the emergence and expansion of a modern
health sector that commands a significant and growing share of labor demand, production and
household expenditures.

We calibrate the model parameters (which includes the initial conditions for the state of
technology in both sectors) to observations on income per capita and life expectancy in 1820
as well as to the timing of increase in life expectancy and the emergence of the modern health
sector, and then use the model as a quantitative laboratory to answer two applied questions.
After having verified that the model accounts well for the time series in per capita income, life
expectancy and the relative price for health goods, we ask what share of the increase in life
expectancy from 1940 onward can be attributed to the modern health sector. We find that share
to be approximately 30%, suggesting that the increased expenditures on basic health goods (e.g.,
better food and hygiene) played a major role in the expansion of life expectancy even in the 20th
century, and even in the presence of a modern health sector that approaches an expenditure share
of 20% of total GDP.

1Unless otherwise noted, we use cohort life expectancy as the relevant measure of life expectancy.



Second, we use the fact that the model accounts well for the increase in the relative price of
health goods and services between 1940 and 2020 to decompose its increase into two components:
a term driven by the income-growth-induced rising household demand for health goods relative
to final goods; and a term due to productivity growth in the modern health sector relative to the
final goods sector, driven by endogenous technological progress. We show that between 1940 and
1980, both components contribute roughly half of the overall increase in the relative health price,
but after 1980, technological progress in the modern health sector accelerates and becomes the

dominant force.

Related Literature. Our model has three key building blocks, a two-period overlapping gen-
erations structure with production akin to Diamond (1965), endogenous investments into health
and longevity by private households, as in Grossman (1972) and the endogenous evolution of tech-
nological change in the Schumpeterian growth tradition (see, e.g., Aghion and Howitt (1992) or
Aghion and Howitt (1998) whose speed differs across sectors in the economy, akin to Acemoglu
and Guerrieri (2008). It seeks to describe the path of economic and health stagnation, take-off
during a transition period and, eventually, balanced growth as one dynamic equilibrium, as in
the general literature on unified growth theory (see, e.g., Galor (2011) or Hansen and Prescott
(2002)).

In trying to explain long run trends in life expectancy and connect it to technological progress
our paper builds on the work by Cervellati and Sunde (2005) who develop a model of the take-off of
life expectancy by modeling the feedback loop between income growth, human capital formation,
increases in life-expectancy and the size of the population. In contrast to them, we seek to
provide a unified theory not only of the take-off in life expectancy in the 19th century, but also
the emergence of the modern health sector. That purpose is shared with Hejkal, Ravikumar, and
Vandenbroucke (2022) but their focus is on explaining cross-country differences (and similarities)
in the reduction of mortality as well as the evolution of the world population.

More broadly, in terms of model-building this paper contributes to the literature on health
spending, R&D in the health sector and endogenous growth. Borger, Rutherford, and Won (2008)
develop a model with endogenous technology adaptation in the health sector to predict future
health spending shares and conclude that health spending will slow down. Ehrlich and Yin (2013)
construct an endogenous growth model where human capital is the engine of growth. Both these
elements are encompassed in the work of Kuhn and Prettner (2016) who model a final goods
sector with an intermediate R&D sector and a labor-intensive health sector. They argue that
an expansion of this sector may reduce growth by shifting resources away from R&D spending.
Like us, Frankovic and Kuhn (2023) develop an overlapping generations model with endogenous
health and two production sectors to evaluate the quantitative impact of the introduction of

health insurance through Medicare and Medicaid on health spending trends, macroeconomic



performance, and trends in life expectancy since 1960 when Medicaid was introduced. In their
model, the growth rate of the final goods sector is exogenous and endogenous in the health sector
(as in the work by Bohm et al. (2018) who model the evolution of individual health through
an accumulation of health deficits). In contrast, we model endogenous growth symmetrically in
both sectors, but permit it to be unbalanced.?

Finally, a vibrant positive literature studies potential reasons behind the increase in the health
expenditure share in U.S. postwar data and a normative literature explores what share of economic
activity should be dedicated to health goods and services. The normative perspective includes
the work by Hall and Jones (2007), Jones (2004) and Jones (2016). Hall and Jones (2007) model
health spending as a superior good with an income elasticity larger than one. As a consequence,
income growth leads to an expansion of the health expenditure share, as in our paper. We extend
this framework to a two-sector model with a symmetric treatment of endogenous growth in both
sectors, and where unbalanced growth emerges as an equilibrium outcome. In contrast to their
paper our main purpose is positive, seeking to understand the expansion of the modern medical
sector. Jones (2004) develops an endogenous growth model with R&D to explain the increasing
health expenditure share. Our model shares the same broad narrative, but provides an explicit
treatment of production in a two-sector model so that income growth spurs quality improvements
and thus technological progress in both sectors. Jones (2016) also considers growth in two sectors
by studying the optimal rate of consumption growth relative to growth of life-saving technologies.

On the positive side, Anderson, Reinhardt, and Hussey (2003) argue that the increase of the
health spending share is primarily due to the relative price increase of medical goods,* which could
either be due to an increase in market power of the supply side relative to the demand side in
the market for health goods, as Anderson et al. (2003) suggest,* or perhaps due to imperfectly
measured quality improvements as our model implies.> The quality improvements in turn are the

result of costly technological progress. The Congressional Budget Office (2008) presents a review

2An important mechanism in these models is typically a market size effect which triggers innovation spending.
Empirical support for this mechanism in the health sector is provided by Acemoglu and Linn (2004).

3Fonseca, Langot, Michaud, and Sopraseuth (2023) estimate US health prices to be 33% higher than those of
European countries, which explains 60% of differences in health expenditures.

4As suggested by Retzlaff-Roberts, Chang, and Rubin (2004), the U.S. health care system is plagued by larger
inefficiencies than the systems in other industrialized countries. This is a central theme in a growing literature
attributing increases in health spending in the US and cross-country differences across the OECD to health prices
and inefficiencies in health care markets, see, e.g. Cooper, Craig, Gaynor, and Reenen (2019), Horenstein and
Santos (2019), and Feldman and Pretnar (2023). Our monopolistically competitive pricing structure in the health
sector may reflect such inefficiencies. Higher prices, and the associated higher average asset returns could also be
a reflection of compensation for medical innovation risk, see e.g., Koijen, Philipson, and Uhlig (2016).

5In this regard, our paper relates to the literature on a lack of quality adjustments of health goods, e.g.,
Graboyes (1994), Lawver (2011) and Berndt, Cutler, Frank, Griliches, Newhouse, and Triplett (2000), who find
that health price indices profoundly underestimate the quality improvements documented in, e.g., Cutler and
McClellan (2001).



of the literature arguing that technological progress contributes to 40-60 percent of the growth
in real per capita health care spending, with demographic change towards an older population
being another important contributor. Zhao (2014) argues that an introduction and expansion of
social security added to increase of health expenditures. See also Fonseca, Michaud, Galama,
and Kapteyn (2021) in this regard.®

The remainder of this paper proceeds as follows. Section 2 presents stylized facts on life-
expectancy, aggregate health spending and prices of health goods used to motivate, calibrate and
evaluate the model. Section 3 lays out the model and defines equilibrium. Section 4 contains
a theoretical characterization of parts of the equilibrium and Section 5 presents the calibration
of the model. Section 6 contains the quantitative evaluation of the model, both along dimen-
sions targeted in the calibration and validates the model along dimensions not targeted in the
calibration. Section 7 concludes the paper. Details of the construction of the empirical facts,
the computational procedure, the calibration of the model as well as on technical-theoretical

derivations are contained in Appendices A, and B, respectively.

2 Stylized Facts

In this section we document the main facts that motivate our model, starting with the timing of
the increase in life expectancy in Subsection 2.1, then briefly reviewing the time path of income
per capita, starting from the industrial revolution in Subsection 2.2, and finally documenting the

emergence and evolution of the Modern Health Sector in Subsection 2.3.
2.1 Life Expectancy

When documenting life expectancy for the last two centuries we face two crucial choices. First,
in the early period a significant increase of life expectancy is due to a decline in child mortality,
with later improvements mainly accruing to increased life expectancy conditional on survival to
adulthood. Since our model focuses on the the second part, the improved longevity of adults,
so will our discussion of the data. Second, life expectancy at a given point in time can be
measured using purely cross-sectional survival rates or employ cohort survival rates. The first,
cross-sectional concept only requires age-specific survival rates at a given point, but assumes that
a current 20 year old adult will have the same survival rate at age 50 (that is, 30 years into the
future) as a current 50 year old individual, thereby ignoring potential technological improvements
in the health sector. Cohort life expectancy is more data-demanding since it requires future age-

specific survival rates of the cohort under consideration. Since it fully captures the impact of

A parallel literature studies the sources of level differences in health spending shares across countries and
attributes the higher share in the U.S. to the fact that the U.S. is the leading country for the invention of new
costly health products, see Chandra and Skinner (2012).



medical innovations, a key aspect of our model, we prefer this concept for the purpose of this
paper. In conclusion, although we present various time series of life expectancy here, our main
focus in the quantitative analysis will be on remaining cohort life expectancy at age 20.

Figure 1 shows in panel (a) life expectancy at birth according to the cross-sectional concept.’
Moving from there to panel (b) of the figure we take three transformations of the data. First,
we apply a Hodrick-Prescott filter on the age and time specific mortality rates to extract the
age-specific trend components, second, we compute cohort life expectancy instead of cross-
sectional life-expectancy and, third, we look at remaining (cohort) life expectancy at age 20 of
a person in a given year. From this picture we make the following observations. First, before
about 1840, remaining cohort life-expectancy in the US was basically flat and the average—
taken for the years 1790 to 1840—was about 39.83 years. Second, since then life expectancy
has been increasing so that now—i.e., in year 2020—remaining cohort life expectancy at age 20
stands at 66.22 years. Third, due to death related to pregnancy and child birth, the remaining
cohort life expectancy of women was lower than that of men until 1864, when the familiar
positive life expectancy gap between female and male life expectancy starts to emerge.® In
panels (c) and (d) we focus on average life expectancy in the population—averaged across men
and women—and we zoom in on the subperiods before and after 1900 and add bootstrapped
confidence intervals. Acknowledging the uncertainty about the very precise timing of the take-off
in adult life expectancy—which we illustrate here by displaying the bootstrapped 95% confidence
intervals of the cohort life expectancy—, based on panel (c) we date this take-off at 1840 for the
remainder of this paper. Panel (d) indicates diminishing gains to cohort life expectancy at age 20
in the past decades. In contrast to these diminishing gains, the path of cohort life expectancy
at age 60—which we display in panel (e)—indicates increasing gains. This visualizes that in the
past century, gains in life expectancy increasingly took place at older ages, which points to the

importance of a modern health sector for shaping life expectancy.
2.2 Income per Capita over the Last Two Centuries

Our theory ascribes crucial importance to the increase in income per capita in generating the
takeoff, first in life expectancy and then in the emergence of a modern health sector, driven by

rising demand for health goods from the household sector.® We therefore briefly review the main

"A detailed description of data sources and our methods used to calculate life expectancy—according to both
concepts—is contained in Appendix A.

80n the contrary, the gap in remaining cohort life expectancy at age 40 between women and men is positive
for all years.

9t is important to stress, though, that in our model income growth is not exogenously assumed, but emerges
endogenously as part of the dynamic equilibrium transition path from an initial period of stagnation towards a
balanced growth path with constant, positive growth rates of incomes and production in both sectors and constant
expenditure shares.



Figure 1: Life-Expectancy in the US
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facts concerning income per capita (growth) in the U.S. over the long run (that is, abstracting

from short-run business cycles).
Figure 2: Income per Capita in the U.S., 1800-2018
Annual Log Real GDP Per Capita, 1800-2018
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Source: Maddison Project Data Base 2020.

Accordingly, Figure 2, which plots the natural logarithm of real income per capita for the
U.S. for the last two centuries, as documented in the Maddison Project Data Base, displays the
well-documented fact that income per capita started to rise significantly around 1820 and since
then has grown at a roughly constant (in fact slightly accelerating) pace of approximately 2% per

year.
2.3 The Emergence and Evolution of the Modern Health Sector

The third set of facts that motivate our analysis is the emergence and growth of a modern health
sector in the 20th century. Parker (2019) dates the start of the era of modern medicine at ca.
1920 in his book, pointing to landmark breakthroughs such as the discovery of Penicillin in 1928
and the start of its mass production towards the end if WWII, the discovery and analysis of blood
types and blood transfusions and the associated understanding of the causes of diabetes mellitus,
as well as the emergence of cancer research and cures.

In Figure 3 we plot shares of various measures of output, investment and employment devoted
to the health sector.’® The range of the time series is dictated by data availability, but all measures
point to the same broad observation: the share of economic activity contributed by the health
sector was close to zero prior to World War Il and since then has steadily been increasing over

time, to more than 10% of total output (panel (a) and employment (panel (b)) and close to 20%

0Since we display shares, there is no need to deflate the measures by prices



Figure 3: Health Shares (Spending, Employment, Investment, R&D) in the U.S
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usgovernmentspending.com. The total health expenditure share (black solid line) is taken from the National
Health Expenditures data of the Centers for Medicare & Medicaid Services (CMS). The output share (red dashed
line) are household expenditures on health care taken from the Bureau of Economic Analysis (BEA), Table 1.5.5.
All series are nominal and related to nominal GDP taken from the BEA data. Panel (b): The employment share
is computed as full-time equivalent employees in the health sector relative to the total number of US full-time
equivalent employees using data from the BEA, Tables 6.4 and 6.5. Panel (c): The investment share is computed
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Tables 3.7 and 3.8. Panel (d): The real R&D expenditure share data are likewise defined as the ratio of real R&D
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CMS, the National Science Foundation (NFS), and the OECD Stan R&D expenditure data.

of overall household spending and R&D investment. It is this emergence and continued expansion
of the modern health sector we seek to explain as the endogenous equilibrium outcome driven
by income growth on the demand side, and endogenous (temporally) unbalanced technological

progress on the supply side of the model.
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Figure 4: The Relative Price of Health Goods in the U.S.
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Sources: The relative price of health is computed as the ratio of the price indices of household expenditures on
health services to the GDP price index taken from BEA, Table 1.6.4.

Finally, in Figure 4 we plot the relative price of health goods, measured as the ratio of the
price index of household expenditures on health services to the GDP price deflator. Health goods
have become more expensive over time; it is an open question what share (potentially larger than
100%) of this increase can be attributed to improvement in the quality of modern health care.
Our model will permit the interpretation of this observation since it will deliver a time series for
the price of one unit of health care, and a series for the price of one unit of quality-adjusted
health goods.

In the remainder of the paper we now construct a two-sector overlapping generations model
with endogenous and directed technical change in which income growth, life expectancy, techno-
logical progress in the health and the final goods sector, as well as the size of the health sector

and the quality and price of the goods it produces are jointly determined in general equilibrium.

3 The Model

We model a small open economy with overlapping generations, where in every period ¢ a unit
measure of identical young individuals is born. The number of old individuals is denoted by n{ and
is endogenous in the model, as described below. The total population is denoted by n, = 1+ nJ.
Households work, earn income, spend resources on health and save in the first and consume in
the second period of their lives. The other actors in the economy are firms in three sectors of the
economy, final goods firms in the consumption good sector and the health sector that operate
under perfect competition, and R&D sector firms that seek to invent intermediate goods of higher

quality, and if successful, become the monopolistically competitive suppliers of intermediate goods
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of a certain variety that they sell to the final goods producers at a markup sufficient to recover the
R&D costs needed to generate the new inventions. We now describe the household sector and

then the several production sectors of the economy, before defining a competitive equilibrium.
3.1 Households

Households derive utility from consumption in young age ¢/, and old age ¢7,,. They survive from
the first to the second period of their life with probability ¢/ that depends on their investment i,
into health goods when young. The utility of being dead is set to zero, and therefore expected

lifetime utility is given by!!

(1 = B)ulc/) + By (ir) u(ciyy) (1)

where the period utility function u(c) is at least twice continuously differentiable with «’(c) > 0
and u”(¢) < 0, and satisfies the lower Inada condition, thus lim._,ou/(c) = oco. The survival
function (7) is increasing in health investment i, that is, ¢’(i) > 0. We further assume
that lim; (i) = 1 and 0 < ¢(0) < 1 and ¢'(0) < oo that is, households survive with
positive probability into the second period even absent any health investment, and the marginal
benefit of health investment is finite at : = 0.

Health investment i, is the composite of two health goods, health good purchases i, from
the final goods sector (standing in for expenditures on basic hygiene and nutritious food) and
purchases iy, of goods from a separate health production sector (such as modern hospital services
and treatments as well as drugs). Thus,

i = fige,ine) (2)

Young households supply labor to both sectors of the economy, with /;; denoting labor supply
to the final goods sector and [;,; denoting the corresponding supply to the health sector. To model,
in a reduced form, the frictions associated with butchers (workers in the consumption sector)
becoming surgeons (workers in the health sector) we assume the following effective constraint on

the labor supplied by the unit mass of households of the form:

1= g(lft,lht). (3)

1Since households survive the first period of life for sure, and since we assume that they only value consumption
in the second period, the level of utility from being alive in the first period is immaterial.
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A constraint of the form of (3) is sometimes used in multi-sector models to model, in a simple
manner, imperfect labor mobility across sectors.!? It also implies that wages can potentially differ
across the two sectors.

We choose the final consumption good as the numeraire and denote by p; the price of goods
produced by the modern health sector, and by wj,j € {f, h} wages in the two sectors of
production. We envision the representative young household being composed of a large number
of members of size 1, so that total labor income of the household is given by wgl s + whilpe.
Furthermore, households receive transfers T; implied by accidental bequests from the share of
the older generation 1 — 1 (i;_1) that do not survive until old age. Young households take
these transfers as exogenous. The maximization of the utility function (1) is then subject to the

constraints:

¢ g+ prine + St = Waly + wpelpe + Ty (4a)
i = fise,ine) (4b)

1= g(lyt, ) (4c)

(4d)

0o —
¢l = Rsy.

We assume that the depreciation rate on capital is 1, so that the gross return on saving s;
is given by the world interest factor R = 1 + r which we assume to be exogenous and constant.
Since optimal saving is always strictly positive, potential borrowing constraints never bind and

the period budget constraints can be consolidated to the lifetime budget constraint

(0]
Cit1

¢ + g+ pring + = Wl g + wpelpe + T3 = 24 (5)

where x; is cash-on-hand of the household. In equilibrium, transfers to generation born in period

t due to accidental bequests from generation t — 1 are given by:

Ty = Rsya (1 = ¢(ir-1)). (6)

Thus transfers are positive if and only if ¢ (i) < 1 and households die with positive probability

between young and old ages.

12E g., Giagheddu and Papetti (2019) calibrate function g(.) referencing evidence by Cardi and Restout (2015).
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3.2 Firms, Production and R&D
3.2.1 Final Goods Producers

Let j € {f, h} stand for the final and the health sector of the economy, respectively, and p;; for
the price of the output of each of the two sectors. We normalize ps, to 1 and simply let p; = pj,
denote the relative price of health goods whenever it notationally is more convenient and there
is no room for confusion. In each sector a representative firm uses a continuum of intermediate

inputs indexed by 7 and labor to produce sectorial output ¥;; according to the production function

1
l—a; a; ;. 1—a;
Yit = (/0 Qi J?in]td2> ljt 7 (7)

where 0 < a; < 1 and y;;; is the quantity of intermediate input ¢ used to produce the output
good in sector j at date ¢ and [;; is the number of workers employed in sector j. The entity g;;
denotes the quality of intermediate input 7 at date ¢ in sector 7. Growth in this model results from
innovations that increase the quality g;;; of intermediate inputs. Since the final good producer
is competitive and takes factor input prices as given, she hires labor and intermediate inputs to
equate marginal productivities to these input prices, taking as given their qualities g;;;. Let the
wage rate in sector j be given by wj; and the price of one unit of intermediate good 7 in sector j

is pjir. The first order conditions are

1
l—a; aj ;. —aj
pjt (1 —ay) (/0 45t yjz'tdZ) ljt = Wijt (8)
for labor demand and

l—aj aj—1i1-a;
Pit®%q55e "Yiip by T = Pjit (9)

for the demand for intermediate goods, given their quality g;;.
3.2.2 Intermediate Goods Producers

Each intermediate good producer i is a monopolist that takes the demand function (9) as given
and uses capital (which depreciates immediately after use) to produce the intermediate good

according to:

Yjit = Kjir- (10)
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The gross rental rate of capital is given by R, so that each intermediate goods monopolist

producer maximizes profits, taking as given the demand function of the final goods producer,

l1-—a; aj—1;1—q;
Tji¢ = MaX { [pjtajqjit Wi ]] Yjit — Ryjit} )

Yjit

with first order condition

1
2\ 1T=a;
Pt J
Yjit = ( JR J) Qjitlje (11)
and profits
1-— Oéj
Tjit = Ryjit > 0. (12)

J
The monopolistic price follows from using (11) in (9) as
1
pjit = —R > R, (13)
a;

hence featuring the standard markup over marginal costs, R. It is the same across all intermediate
input producers .

Finally, observe from (11) that % is constant across varieties i. Likewise the ratio of profits
g

to quality % is constant across varieties 7, which we state for further reference using (11) in (12)
54
as
gy Lo
T jit 1-— % pjtaj 1=y
qjit (&7 R

3.2.3 Aggregation of Production Sector

Because the ratios of variety-specific intermediate outputs to quality y;;:/q;i+ and profits to output
(or quality) 7 /y it (7jit/ ;i) are constant across varieties ¢ we get immediate aggregation results
for each sector.

For each production sector 7 we can determine aggregate capital input and production as

1 1 2\ Toa7
) ) Pt J
ki :/ Ejipdi :/ Yjirdi = <&> Qe e (15)
0 0 R
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where
1
th:/ Qjirdi (16)
0

is an aggregate quality index of intermediate inputs in sector j. Furthermore, exploiting (11) and

(15) in (7) yields as aggregate production function for sector j
Yjt = k:?tj (thljt)liaj . (17)

Using equations (8) and (15) delivers as factor prices for labor inputs and capital inputs:

wy = (1 - a;) p—fétyjt (18a)
7t
2 PjtYijt

J

Finally we can use (12) and (15) to determine aggregate profits in each sector j as

mir = a; (1 — a;) pye (19)
and thus in each sector j output exhausts factor input payments plus profits:

Pityit = Tje + Rk 4 wjiljy (20)

To summarize the aggregation result, in each of the two sectors output is produced with a
Cobb-Douglas production function with capital and labor inputs in which the level of technology is
given by gj:. However, final goods producers cannot rent capital directly, but have to go through
monopolistically competitive intermediaries. As a consequence owners of the capital (which will
be the old households in equilibrium) command only a fraction o? of the value of output, with a

fraction (1 — ) accruing to the monopolist intermediaries.
3.2.4 Research and Development

An R&D developer that specializes in intermediate good ¢ spends resources of the final con-
sumption good z;;; on R&D to achieve innovation. If successful in innovation, the quality of the

intermediate good increases from g;;;—; to

Gjit = AjQjit— (21)
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where \; > 1is a parameter. The successful innovator immediately becomes the monopolist, and
for one period enjoys monopoly profits 7;;; associated with technology level g;is = A\;gjir—1. In a
product line 7 in which innovation is not successful a randomly chosen entrepreneur becomes the
monopolist and produces at quality g; = ¢;it—1 with associated profits.

We assume that the probability of innovating is related to the quality reached when successfully
innovating given by Ag;i:—1 as well as the size of the corresponding final production sector given

by the employment share [;; so that

-
¢ (zjit; L, @jie—1) = Min {%‘ ()\Zq]—n) J U 1] ; (22)
J4git—1

with v; € (0,1) and ¢; > 0. First, an increase in the scale of the final production sector measured
as the employment share [;; dilutes the effects of research outlays, z;;;. Conditional on having a
new product, successful innovation requires supplying the intermediate good to the respective final
production sector. The negative dependence on [;; captures that a larger final production sector
benefits the incumbent monopolist (e.g. due to existing supply chain networks, contracts and
relationships with hospitals/doctors, etc.), thus lowering the probability of successful innovation.
Second, the inverse relationship between the success probability and current quality g;i;—1 reflects
the fact that it becomes increasingly harder to innovate if already a level of quality is reached
for variety i. Note that the probability of innovating is bounded between 0 and 1. As a result,
there is an upper bound on R&D spending, z;;;, which achieves an innovation probability of 1 and
beyond which additional spending is unproductive. The upper bound is more likely to become
binding in the early stages of a final production sector in which [;; is small.

The R&D entrepreneur then spends resources z;;; and, if successful, collects profits ;.

Hence the problem is

maX {7sz‘t¢j (ij‘t; Lit, C]jz‘t—l) - zjit} (23)

Zjit

For interior solutions the first order condition is

T jit Zjit L
e (o) =t (24)

J
)‘ijz’tflljt i qjit—1

Zjit
jqjit—1

which yields as solution a ratio of R&D spending to potential period ¢ technology

1

T = [@‘W‘L} o (25)
AjQjit—1 TN Gii—1le
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In the interior solution the innovation probability is then

v

Zi - Ty |7
%’( 2 ) = ; [%%‘%} [ (26)

)\qu'itq jqjitflljt

The condition for the upper bound on the innovation probability to bind is then

5

it =
1> ; {%%‘m] I (27)

Noticing that in case of success ;i = A;gji—1, we can now use the profit equation (14) in

the above to find effective R&D spending in the binding and non-binding case

1
[%] ? if @5 (2jit; Uity @jir—1) = 1

A - N T %)
iqiit— 1-a; Pjta \ 1=y T .
e { o oA <R_> } if &5 (zjie: Lje: gjie—1) € (0,1).

Zjit

Notice that effective R&D spending and the probability of innovation are the same across all
varieties 7. Using the above back in (22) we observe that in the interior solution the share of

varieties innovating is (due to the law of large numbers)

ziw \ " - 1— o, (pjed = =
L= , L Adi =0, |~ J (2L ~1
o / i ()‘j%’it—l) i =y | a; ( R ) b )

and is therefore independent of the distribution of qualities across varieties . For future reference,

also observe that resources spend by entrepreneur ¢ are

1
1 ﬁ
1—q; P\ T ’
Zjit = [ - L0 < Rajj> ] Ajdjit—1 (30)

J

so that total resources devoted to R&D in sector j are equal to

1
1 ?
) 1 — pjtaz l—a]- J
Zjt = /ZjitdZ = [ » ]Sﬁﬂj (—Raa‘] )\ijt—l, (31)

which are also independent of the distribution of qualities across varieties in sector j.
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3.3 Definition of Equilibrium

In this section we define a competitive equilibrium for our economy. We immediately proceed to
defining the equilibrium for the aggregate economy, thereby already exploiting the aggregation
results developed in sections 3.2.3 and 3.2.4. Noticing that we can define either good as nu-
meraire, we normalize ps; = 1 and define all equilibrium conditions in terms of the price of health

goods p; = %. Recall that we assume a small open economy (SOE) facing the exogenous and

constant interest rate factor R.

Definition 1. Given an initial population, 1,n7, and initial conditions sy, qso, qno and given exoge-

nous return R, a competitive equilibrium is a sequence of household allocations c5,{s;, ins, i1, ¢}, ¢fq }o24,
a sequence of capital and labor inputs of goods producers {k;:,l;;};,, foreign asset hold-

ings {f:}:2,, a sequence of R&D expenditures, profits and consumption of R&D developers

{zj1, 1, i1 324, a sequence of aggregate capital and technology { ki, qst, qni }521, prices {pe, w e, Wy 1524

and transfers {T;}°, and a law of motion of the old population n¢ such that

1. Household maximization: for each t > 1, given prices and transfers w¢;, Wi, pt, IR, T}, the

allocations in, s, ¢, ¢}, 7,1 maximize (1) subject to (4).
2. Transfers T, satisfy equation (6).
3. Factor prices satisfy equations (18a) and (18b).

4. Optimal R&D spending z;; in each sector is given by (31) and consumption of R&D

entrepreneurs is determined as cj; = Ty — Zjt.

5. The equilibrium innovation intensity p;; is given by equation (29) and technology in each

sector evolves according to
Qe = (1 — pje)Qie—1 + 1t Agje—1 (32)

6. Markets clear: for all t > 1

(a) Labor Market
1 = g(lft, lht)- (33)
(b) Capital Market

> k= k. (34)
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(c) Final Goods Market

St+cf +eny +iq+ Z[cﬁ + z2i) = kS, (apl )™ + R (35)
j

(d) Health Goods Market

ine = kiyy (qnelne)' ™ (36)
(e) International Capital Market

fi =811 — ky.
(f) The population evolves according to

ne = bli). (37)

4 Theoretical Characterization of Equilibrium

In this section we characterize the optimal solution to the household problem. Given prices and
transfers, young households choose labor allocation [y, l5:, health investment allocation i, ip;
and thus total health investment i; and the survival probability ¢ (i;), and consumption in both
periods of their life ¢f, ¢7, |, where they maximize (1) subject to (4). We think of i as goods such
as expenditures on hygiene and fresh water that are beneficial for longevity but not measured as
part of health expenditures. We would like to generate the following properties of the household
problem, and will make appropriate functional form assumptions to insure that they are true in

equilibrium.

Proposition 1. Suppose that the sequence of prices and cash at hand {p;, x,} satisfy

Ti41 Ty
> —.

38
Pt+1 Dt ( )

That is, there is real income growth along the transition. Then there exist threshold time periods
0 < T) <15 < oo such that

1. Forallt < Ty we have i, =iy =i =0 and ¢ (i) = ¢ (0) and ¢f,, = Rx,. We call this
phase 1.
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2. For all t € [T1,Ts) we have iy = iy > 0 and i = 0 as well as v (i;) > 1 (0). Life
expectancy is increasing due to better basic hygiene and food intake, but the modern

health sector remains inoperative. This is phase 2.

3. For all t > T, we have iy, > 0 and i, > 0 as well as ¢ (i,) > 1 (0). Life expectancy is
further increasing fueled by increasing expenditures in the modern health sector. This is
phase 3.

4. Fort — oo, the economy converges to a balanced growth path with constant expenditure

shares in cash-on-hand x;. This is the balanced growth path.

4.1 The Division of Labor Across the Two Sectors

Note that the labor allocation problem is straight-forward and separated from the health spending
consumption problem. Thus, we can solve the household model sequentially, first by solving for
the labor allocation that maximizes income and second, taking transfers T} as given, allocating
cash-on-hand z; optimally to consumption, saving and health investment which boils down to a
two-dimensional maximization problem.

We specify the function g(ly;,l;) assuming a constant elasticity of € as

1= g, Ine) = (Zf*)

Notice that ¢ = oo this implies perfect labor mobility across the two sectors, and € = 0 it implies
no mobility at all.'> For interpretational purposes we think of a by age cohort representative
household who optimally decides to allocate its labor across the two sectors.

In the case of perfect substitution (¢ = co) we have a corner solution whenever wages are

not equalized given by

1 if Wi > Wi
lit - € [O, ].] if Wit = Wyt
0 if Wi < Wit

Thus, we get an interior solution in which both sectors are operative I;; € (0,1),5 € {f,h}

iff wp = wye. In the interior solution the labor supply to each sector is not determined.

13Standard estimates of ¢ range between ¢ = 0.6 and € = 1.8 (Giagheddu and Papetti 2019).
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In the general case of imperfect substitution (e < oo), which we take as the benchmark, we

directly obtain from (3) the transformation function

1 _1_
e = (1177 (39)

The first-order condition w.r.t [+ gives

1
141\ T 1
Wht = wft (1 — lft E) e lfte,

which simplifies to

l Wy \ €
ht (ﬁ) (40)
lge \wp

and thus determines the relative labor allocation across the two sectors in dependence of relative

wages.
4.2 Quasi-Linear Health Investment Function and the Division of Health Investment

Health expenditures on final goods i and in the health production sector i;; are aggregated into

effective health investment 7, according to the quasi-linear specification
i =i+ (v +ip) . (41)

for v > 0,( € (0,1). Health investment then enters the survival function satisfying the CDF of
a type 2 Pareto distribution given by

i) =1—(1+ @'t)_é- (42)

for £ > 0. Note that ¢ (-) is strictly increasing in &, and is strictly increasing in i, with ¥ (ip =
ine = 0) = 1—[14+v]7¢ > 0 and lim;, ., ¥ (i;) = 1. In addition to giving positive survival for zero
health investments, the non-homotheticity parameter v > 0 prevents the lower Inada condition to

hold for final goods investment i; so that lim;,, o 8@—2”%

< 0o which is a necessary condition
for the existence of phase 1 in which if; = iy, = 0. The concavity parameter ¢ € (0,1) in turn
implies that health investment is linear in ¢, and concave in ¢s. Thus, we have the standard
quasi-linear property that agents initially—i.e., once they posses sufficient resources and health
spending becomes positive—only buy the good with decreasing marginal benefit 74, and then

switch to the linear good iy, forever as soon as marginal benefits over marginal costs of the

21



two are equalized. This property gives rise to the possibility of the model to generate phase 2,
where ¢, > 0,45, = 0, and subsequently in time phase 3, where 7,1, > 0.

We first solve for the optimal split between final goods and health goods for a given amount
of health expenditures e;. Then we solve for the optimal amount of health expenditures e;. See
appendix B.1 for the full derivation. We start by solving

iy = iy(pe,er) = max f(ige, ine)
Lfty\tht
s.t. ptiht + th = €
Z.ft7 iht > 0

fliin) = im+ v +ip)
Corner Solution with i, =0, is; = ¢;:  Health investment 4, is given by
it = fintyige) = ine + (v +ip) = (v +e).

Interior Solution: In the interior solution the first-order conditions hold with equality, which

yields
ift = S\t — UV
. . €t — (S\t — l/)
tht = ————
Y2

where )\, = ((pt)ﬁ.

Existence of Phase 2: The corner solution with ¢;, = 0 and ¢y, = e; characterized above

(phase 2) exists if and only if

/N\t ZV

1

(Cp)) ™= >v

Existence of phase 2 requires the non-homotheticity factor v to be sufficiently small relative to

health sector price p; and (.
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Characterizing the Phases: For a given level of health expenditures e; we can fully characterize

the phases now. Assuming A\ > v for existence of phase 2, the phases are then characterized by

1, If €t = 0
Phase = (2, if ¢ € (075\15 — V]

3, if e > S‘t — L.

4.3 Level of Health Expenditures

Given the optimal division of health investment we now optimize over the allocation of cash-on-

hand z; into savings s; and health expenditures ¢;. That is, the household now solves

max (1 — B)u(cy) + B (irlpr, €0)) u(R [ — e — cry] -

0<c} et <axy

Define the share of young consumption in cash-on-hand and the share of health expenditures in

old-age spending, respectively, as

cf
Ve = — €[0,1],
Tt
e e Ihe +1
By = t_ t _ DPithe Ty € [0,1].

€t + St (1 — ﬁt,c)xt (]_ — ﬁt,c)xt

Then, the maximization problem can be rewritten in terms of those two spending shares

max (1 — B)u(Vrcxe) + Y (ie(pr, (1 — Vpo)Vpewe)) u(Ray (1 — Vi) (1 — Dye)).

Og'ﬁt,cﬁﬁt,egl

4.3.1 Balanced Growth Consistent Functional Form Assumptions

To further characterize the optimal level of health investment in the balanced growth path, we
need to make a decision on the functional form of the per period utility function u(-) in addition
to the assumed functional form assumption of the survival rate in equation (42). We choose a
functional form that is consistent with the existence of a balanced growth path by following Hall

and Jones (2007) and others. We accordingly assume that the utility function takes the form

u(c) = + b,

where o > 0 and b > 0 are parameters. Parameter b measures the value of life.
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Corner Solution: The corner solution with ¥, . = 0 corresponds to phase 1 without any health
expenditure. We solve for the cash-on-hand level at which the first kickoff happens, that is, at
which health expenditure become positive. For 0 = 2 and £ = 1, we obtain an analytical solution

which is given by

1 1
Thickoffl = 3 (5 (1 +vV1+ 4bRA1>)

1
= EA(b’ R, Ay) (43)
where
A_1(1+V4)((1+V<)£—1> —0, if v=0
T 7 >0, if v>0.

Notice that v > 0 ensures A; > 0 which in turn ensures A(b, R, A1) > 1. Further, Ziowerbound =

ﬁ__{ is the lower bound on cash such that there is no suicide. Then the interval

MRS [x lowerbound ; L kickoffl] (44)

is non-empty for v > 0 and characterizes the cash-on-hand region for phase 1 without suicide.

Interior Solution during the Transition: The interior solution with positive health expendi-
tures, ¥, > 0, corresponds to phases 2 and 3. We cannot solve for the shares analytically in the

interior solution, instead we have a system of two equations from the first-order conditions given
by

r_ / / ait %

<1 - /B)uy - /BwuoR(]‘ ﬁt,e) /Bw aﬁt’C T
Y _ U o
w/.ﬁlJtR(l ﬁt,c) = ug 8191576

Interior Solution on the BGP: In the interior solution of the BGP, where both the final goods
and the health goods sector are active, we can find the optimal health expenditure share by taking
the limit case: © — oco. Plugging in the functional forms, the first-order condition for the health

expenditure share becomes

: : * 1 0 o— 0 82
(1+14,) ((1 +i)" - 1> 2 R(1—0;) = (ﬁ +b(c2y1) 1) Ct“a_ﬁtt‘ (45)

7as Sl
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For a BGP with the properties p; = p* is constant, and, as x; converges to infinity, i; —

(1—95)%5ay
p*
we therefore require & = o — 1. Under this parametric restriction, solving for the limit case

The —> ;—i = so that 7, and ¢7,, are both constant shares of cash-on-hand x; to exist

where 1(i;) — 1, we can find the health expenditure share on the BGP

ﬂ:(u{%r)l'

Plugging ¥ back into the Euler equation yields the BGP share of young consumption in cash-

on-hand

OF = |1+ (%@z) [R(1 — 19:)]1_“> 3’] _1.

4.4 Transitional Dynamics

In equilibirum, the health price p; and relative labor allocation %ﬁ adjust to clear the health goods
market and labor market. We analytically derive the demand for labor by final good producers
and the supply of labor by households in terms of the wage ratio. We then combine the two
which yields the labor market clearing condition and characterizes the relationship between the

health price and the quality ratio across the two sectors along the transition.

Labor demand: Combining the first-order condition for labor from final good producers with

the intermediate good producer solution yields for wages in each sector j

o

. a2\ T
wir =pj, (1 —qy) (E) qjt

This delivers the following relationship for the wage ratio

L q 20, 2%f

Wht  T-a _Oéhalfah ay—1Qht

ht h _

Wt 1 af f qft
_ T-a; Gnt

=pp - Clay, )
qft
2q, 2af

_ T—ar 1
where C'(ayf, ap) = Lg’;ah ot
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Labor supply: The first-order condition for households' labor supply is given by

1
Wht _ (lﬁ)
wft lft

Equilibrium: In equilibrium labor markets have to clear. Setting the demand and supply con-

dition for the wage ratio equal to each other yields the following equilibrium condition:

: o
() =ri” 2ctas.an (46)
Note that qualities are determined endogenously in the R&D sector and depend on previous
quality gj:—1 and the price p;; in each sector. Thus, the only period ¢ endogenous variable on the
right hand side is the health price py;.

Let us provide some intuition for the role of the equilibrium relationship (46). It disciplines the
relationship between the health price and the allocation of labor allocation across the two sectors
along the transition and thereby pins down the price of health p;. With perfect labor mobility,
€ = o0, the left hand side is constant and equal to 1 as wages have to be equalized across
sectors for households to optimally supply labor to both sectors. As a result, the left hand side
is not growing along the transition which limits how much the quality ratio g—;: can grow. With
imperfect labor mobility, € < oo, the quality ratio Z—;L: has to grow faster along the transition in
order to generate growth in the wage ratio “’—hz which is necessary to incentivize labor reallocation

wg

from households.

5 Calibration

In this section we exposit the calibration of the model. We first discuss our choice of initial
conditions, and then the calibration of the remaining parameters.

We interpret each model period as 40 years. We assume that economic life starts at the
age of 20, when adults make the health investment decisions which determine the probability
to survive to the next period. Thus, the first period covers the biological age span 20-60.
The second period is accordingly 60-100. Life-expectancy at biological age 20 in the model is
therefore 20 + (1 + ¢(i)) - 40 years.

In our main experiment, we treat the years prior to 1940 as years prior to the onset of
modern medical times. The data on investments share, employment share and output share in
the health sector suggest that the modern medical time period starts in about 1940, cf. Figures 1
and 3. A number of additional salient facts support this interpretation. First, the widespread
use of penicillin to treat infections started in the second world war and can thus be dated to

about 1943. Second, while it is hard to obtain historical data on health spending shares, the data
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reported on https://www.usgovernmentspending.com/healthcare_spending support the
interpretation of a start of modern medical times in the 1950s.

Also notice that the US medicare system was only introduced in 1965. Again, recall from
Figures 1 and 3 that employment, investment and output shares in health start increasing prior to
that year. This supports our interpretation of the data that growth of the health sector essentially
is the consequence of research and development efforts, which in turn are triggered by economic
developments (the treatment of soldiers in the second world war might be an additional trigger;
our model has nothing to contribute to this observation), rather than interpreting the introduction
of Medicare as the trigger as in Frankovic and Kuhn (2023), who develop their theory on the
basis of a conjecture in Weisbrod (1991).

Given the assumed frequency of our model of 40 year periods, the years we look at immediately
before the opening up of the modern health sector and thereafter are years 1940, 1980 and 2020.
According to this interpretation of the data and the mechanics of our model, prior to 1940 any
increase of life-expectancy through the lens of our model is attributed to health spending on the
final consumption hygiene health good. Regarding the initial stage, we notice form Panel (b) of
Figure 1 that remaining cohort life-expectancy at age 20 in the US was basically flat until cohorts
that are of age 20 in year 1820 and starts to rise between 1820 and 1860. Thus, years 1780
and 1820 are the initial period before the kickoff in health spending where society is poor. Already
in 1860 spending on the hygiene health good leads to increasing life-expectancy. Accordingly,
years 1860 and 1900 correspond to stage 2. Table 1 summarizes the stages and the corresponding

years.

Table 1: Stages and Calendar Years

1780 1820 | 1860 1900 | 1940 1980 2020
Stage 1 Stage 2 Stage 3

Notes: Stage 1 is the initial stage where the economy is poor and iy, = i, = 0. In stage 2 all investment in
health takes place through spending on the hygiene health good, iy > 0,5, = 0. In stage 3 the modern health

sector is also operative so that i¢; > 0,75, > 0.

We calibrate a subset of parameters exogenously either by reference to other studies or by sim-
ply fixing their values (first-stage parameters). Others are calibrated to match selected moments

in the data. We then intend to endogenously calibrate the following parameters b, (, €, A, Aj.
5.1 External Calibration

We set ¢ = 2 to generate an intertemporal elasticity of substitution of 0.5. To ensure the
existence of a BGP, we impose & = 0 — 1 = 1, see 4.3.1 for the derivation of the BGP. We
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set the weight on second period utility relative to first period utility, 5, to match an annualized
discount factor of 0.92. We choose a real interest rate in the small open economy of 1%. The
capital intensity in the final good sector is oy = 1/3, consistent with estimates for the U.S.
According to Frankovic, Kuhn, and Wrzaczek (2017), based on Acemoglu and Guerrieri (2008),

an appropriate estimate for the capital intensity in the health sector is ay, = 1/5.

Table 2: External Calibration

Parameter Description Value Target

Small open economy
R-1 Rate of return 1.5 1 % annual return

Households

/o IES 0.5 Standard

I} Discount factor 0.078 Bannualized = 0.94

¢ Curvature survival function o —1=1 Ensures BGP existence
Firms

o Capital intensity final 0.33 Standard

ap, Capital intensity health 0.2 FKW (2017), AG (2008)

5.2 Internal Calibration

We aim at expressing in any period t, x; in terms of the state variables of the problem in order
to derive expressions for the conditions for an inoperative health sector. The state variables in

any period t are g—1, qne—1, 1.

Initial Conditions. We choose the initial conditions and a subset of parameters such that the
dynamic equilibrium has the desired properties in the initial phases (phases 1 and 2). We now
derive the initial conditions and state the desired properties as well as the calibration strategy to
satisfy those properties.

Conditional on the modern health sector being inactive in period 1 (which we verify below),
we have [y = 1 which allows us to solve for the production side in period 1 analytically. Given R

and some ¢y, which remains to be determined, we can use (29) and (32) to compute the quality
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in period 1 as:

qrn = (1+ (Ar = Dpgo) gro = Te(R)qro1 (47)

f

171»yf 1— Qa Oé?c =
= |1+ (s — Dy, AT a0 = Ti(R)qo- (48)
y |

Further note that for [y; = 1 we obtain from (15) that the capital stock employed in production

is

a2\ ey
k’fl = (Ef) Qf1~ (49)

1. Initial assets: We assume that the small open economy has a zero net foreign asset

position in period 1 so that k¢ = so.

Now use (47) in (49) and set ks = s to get

af\ e
a8 = () TulRian

1
a2\ T=a7 1 1—a. a2 \ 1= |7
f 1= f
= (E) 1—|—(>\f—1)¢f 5 [ . J’Yf (Ro‘f> dfo

(50)

2. Initial income and first kickoff: We calibrate the initial quality in the final good sector
dro and the value of life b jointly targeting two moments. First, an initial income level of
the economy such that households in period 1 are indifferent between suicide and survival.
Second, the timing of the first kickoff in 1860, meaning the period in which households
start consuming basic health goods, which corresponds to period 2 in the model. Note,
this implies that there are no investments in basic and modern health goods, iy = ity = ix9

in the initial period. As a consequence, ng = ¢(0).

Given the value of life b, we can solve analytically for the initial quality in the final good
sector that ensures that households in period ¢ = 1 are indifferent between survival and

suicide. Observe that for [;, = 1 wages in the final goods sector and transfers are given by

af l-«a
wp = (1 - af>kftqut ! (51)
Tt = RSt_l(]. - TL?), (52)
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Now, use (40) for I;; = 1 to obtain

1—(1/f
2
ay

wft:R ]fft

and thus cash-on-hand z; = wy, + T} is given by

1—Oéf
2
ay

xt:R

kft =+ RStfl(l — n?)

and thus we can express the period 1 cash-on-hand in terms of initial savings using

that ks = 50 as

@y

11—«
1 = R < 3 ! + (1 — n‘f)) SQ(Qfo,R)

where s0(gro, R) is given by (50). Finally, recall that for the lower bound (to insure that

households do not commit suicide) we need

1

b s Blo =D
o (e > M
o

which simplifies to 2, > ;= for o = 2. Using (50) then gives

1—af
1_ o
R( a? +< nl))

1 1
AN = [1-a; a2\ [b(o — 1) 7=
. f B 1=y J f
(—R) L+ (A = D)y [ o Vf (Raf) ] qro = — 5
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and thus we parametrise (breaking indifference as survival) the initial quality in the final

goods sector as
G
dro = R
e\

1—ay af\ e - [1-a, %\ T =y
1—ng) | (2 1+ (A — 1) 7 )
R( Eal rm>(R) 0y~ 1)) [ s (4

3. Kickoff of modern health sector: We calibrate the initial quality in the health sector
gno to match the kickoff timing of the modern health sector in 1940. We assume that
during phases 1 and 2 while the modern health sector is inactive, health quality g,; grows

exogenously at the same rate as quality in the final goods sector, gy;.

4. Survival function and initial life expectancy: We calibrate v in the survival function
to match initial life expectancy during phase 1. Observe that ¢ pins down the initial life

expectancy (before the kick-off). Recall that
iv = ip+ (v +ip)

and
Y(i) = 1= (1+i) "

so that with zero health investments in both goods and with the calibration of £ = 1 we

get

Wiy =18 =1— (1457 (54)
Remaining life-expectancy at economic birth is given by

y=(1+1)-40. (55)
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Using (54) in (55) we get as value for v under the maintained parametric restriction { = 1

and for given ( that

o [(804211_1)]2' (56)

To calibrate y in the above we take our estimate of cohort life expectancy in year 1790

(the beginning of our sample), of y = 40.43 years.

Calibration of Remaining Parameters. We calibrate the curvature of basic health spending
in the health investment function, {, to minimize the distance between life expectancy in the
model and in the data from 1860 onwards. We further calibrate the step size for innovations
in the final good sector, Ay, targeting average GDP per capita growth between 1820 and 2020,
and the step size for modern health, ), targeting the average growth rate of the output share
of the modern health sector between 1940 and 2020. Lastly, we fix the scaling and curvature
parameters of the innovation probability, v and ¢, to 0.5 in the first stage and calibrate the

remaining parameters conditional on that.

Table 3: Internal Calibration

Parameter Description Value Target

Households

b Value of life 129 LE20 in 1860
Investment curvature 0.6 LE20 after 1860

€ Labor mobility 2 Growth: Q-adj price
Firms and R&D

Af, A Growth factor 120, 100 GDP per capita

Vi Vh Innovation probability: curvature 0.5, 0.5  First stage

Of, On Innovation probability: scaling 0.5, 0.5  First stage
Initial Conditions

q£.0 Initial quality: final 0.71 Initial income

ah0 Initial quality: health 0.01 Kickoff 1940

6 Results

In this section we contrast the positive predictions of the model concerning the time paths of
income, the share of economic activity devoted to the health sector and the relative price of

health with the empirical facts documented in Section 2 of the paper. We will also use the model

32



as a measurement tool to quantify a) the contribution of the modern health sector to the overall
increase in life expectancy and b) how much in the increase in the observed relative price of health
services in the data should be attributed, from the perspective of the model, to changes in the
relative quality gpn./q:.

In Figure 5 we display the time series of income per capita (real GDP per capita) in the model
and in the data, both plotted in (natural) log-scale. Per capita income growth in the model is
endogenous and driven by innovation and the associated growth in the quality (g, ), initially
only in the final goods sector (since the health sector is inoperative), and after 1940 also driven
by innovation and thus quality/productivity growth in the modern health sector. We observe that

the model matches the roughly linear income growth in the data well.

Figure 5: GDP per Capita [Logarithmic Scale]
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Notes: Natural logarithm of real GDP per capita in model and data. Source: Data sources as in Figure 2, own
calculations.

Figure 6 displays the time series of cohort life expectancy at age 20 from the data (as estimated
for the U.S. in Section 2) and from the model. The left panel shows the entire time series starting
from 1820, and the right panel zooms into the period after the modern health sector emerged
(from 1940 on) and additionally displays the component of life expectancy that is driven by
investments into only basic health goods (green dots). The gap between the blue and the green
line can be interpreted as the contribution of the modern health, by comparing the evolution of
life expectancy when household optimally allocate health investments between the basic and the
modern health goods (blue line) and a counterfactual economy where the modern health sector

is simply absent.
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We observe that the model, on the account of endogenous income growth and unbalanced
endogenous growth between the final goods sector and the emergence of the modern health sector
in the 1940's, implies that life expectancy grows continually throughout the last 2 centuries and

matches the data on cohort life expectancy well.

Figure 6: Health Shares (Spending, Employment, R&D) in the U.S.
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Notes: Remaining cohort life expectancy at age 20 in model (blue x mark) and data (red circles). The figure also
shows a decomposition setting spending on modern health goods to zero (black dots). Sources: Data sources as
in Figure 1, own calculations.

Turning to the decomposition of life expectancy improvements driven by the increase in
traditional health goods and the modern high-tech health sector, we observe that according to
the model, modern health goods become an important driver of life expectancy after 1980 and
account for 30% of the increase in life expectancy at age 20 since 1940, translating into 3.3
additional expected years of life. The complementary implication is noteworthy, too: even in the
absence of the emergence of modern medicine, income-induced growth in basic health goods (a
richer, more balanced diet, better hygiene) would still have led to an increase in life expectancy
between 1940 and 2020 by close to 8 years, and basic health goods are the main driver of increased
longevity, according to the model, until 1980.

The health-related output-, labor- and R&D shares underlying the emergence of the modern
health sector are displayed in Figure 7. Note that we plot these shares only from 1940 onward
as they are not available empirically, and are equal to zero in the model. The figure shows
that qualitatively, the model reproduces the increasing shares of labor, R&D and consequently
output accruing to the modern health sector. Quantitatively, in the model the takeoff is initially
somewhat too slow between 1940 and 1980 then accelerates too much between 1980 and 2020,

relative to what the data suggests. Note that these shares were not targeted in the calibration,
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and therefore some divergence between model and data is to be expected and the ability of the

model to qualitatively match the relevant time series from the data should be a considered a

qualified success.

Figure 7: Health Shares (Spending, Employment, R&D) in the U.S.

0.2 : : : : : : : 03 : : ‘ ‘ ‘ ‘ ‘ %
=gt model =4¢ model V4
0.18 - |=© data =© data 7
025 1
016 / 4
5 / /7
|
14+
50 4 02f ’
Loz / ~ 4
‘ / - T 4
s 01 7 - o5t 2
£ - = y
= 0.08 £~ = x
5
<. 0.1 -0
L 0.06 o 4 . -~ -
= - / ~ - -
T 0.04 - b - o~ -
_ - _ - "4 005 _ -
0.0 - . Y _ -
- (P—
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
1940 1950 1960 1970 1980 1990 2000 2010 2020 1940 1950 1960 1970 1980 1990 2000 2010 2020
year year
(a) Health Output Share (b) Employment Share
0.25 ; ; ; ‘ ‘ ‘
=4 model L d
=© data /
0.2 ’
' /
/
~0.15 4
N /
D
= / _ -0
04+ L -
V-] ’/
-
-
- /
0.05 - Vs
- -
- -
--"
0

1940 1950 1960 1970 1980 1990 2000 2010 2020

year

(c) R&D Spending Share

Sources: Data sources as in Figure 3, own calculations.

Finally, Figure 8 plots the relative price of health goods from Section 2 of the data, combined
with the relative price times the growth component, ptg—’;’tf, which is the model analogue price
that would be observed in the data if there were no quality adjustments at all in the empirically
measured relative price of health. We refer to ptfﬁ as the non-quality-adjusted price. According
to the model, the price of one raw unit of health goods is increasing slowly over time, accounting
for the improvement in the quality of health care the non-quality-adjusted price of health goods

increases at a rate similar to the data.'* To decompose the observed relative price increase in

“4Thus, this figure implicitly assumes that the empirically observed relative price for health goods has not been
appropriately quality adjusted.
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the measured health price in the data into a component driven by rising output prices versus
falling input prices, we decompose the increase in the non-quality-adjusted health price pt%
into its two components: 1) growth in the price of health goods p;, whose main driver is the
(income-growth-induced) rising household demand for health goods relative to final goods; and
2) productivity growth in the modern health sector relative to the final goods sector, driven by
endogenous technological progress.

Between 1940 and 1980, both components contribute roughly half of the overall increase in
the non-quality-adjusted health price pt%; precisely speaking, the rising demand for health goods
accounts for 52%. After 1980, technological progress in the modern health sector accelerates and
becomes the dominant force, and as a result, 67% of the overall growth in the non-quality-adjusted
health price between 1940 and 2020 is accounted for by greater quality growth in intermediates
in the modern health sector (and thus faster productivity growth in that sector) relative to the

final goods sector. The relative contribution of rising demand accounts for the remaining 33%.

Figure 8: Health Price Index
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7 Conclusion

In this paper we build a quantitative theory of income growth, the increase in life expectancy in
the last two centuries, and the emergence and expansion of a modern health sector in the 20th
century. Our two-sector overlapping generations model with endogenous and directed technical
change endogenously determines income growth, life expectancy, and technological progress in
the health sector and the final goods sector, as well as the size of the health sector and the quality
and price of the goods in general equilibrium. We show that it can generate an economic path in
which households are initially poor and the quality-adjusted price of health goods is prohibitively
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high so that demand for health goods is zero, life is short and life expectancy stagnant. As
income grows, fuelled by technological progress, households start consuming basic health goods,
life expectancy starts to rise, and directed technological progress eventually, with a delay of ca.
100 years, leads to the emergence and expansion of a modern health sector.

Since technological progress in the health sector is endogenous, government health policies
(such as the funding of basic research in the health sector or the public provision of health
goods though government-run health insurance or the direct production of these goods in public
hospitals) will impact the timing and speed of the development of a modern health sector. The
next steps of our analysis will be to evaluate positively, and to study normatively the importance

of government interventions in the health sector in the 20-th century in the U.S.
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A Data Appendix

Our data to construct cohort life-expectancy comes from three different sources. First, we use
historical mortality rates for the US that were originally collected and imputed by Haines (1994),
which were updated by Hacker (2010). This data covers the time period 1790 to 1899 and
comes at a decennial frequency for the age groups {0,1 —4,5—9,...,80}, where the authors
report mortality rates of 1 for age 80 onward. We carry out two transformations to this data:
(i) we hold mortality rates constant within age group and compute age specific mortality rates
in each age group 1, mé such that m! is the respective geometric average within this age group,
ie, mi =1— (1 —m")"% (i) to obtain estimates of mortality rats above (and including)
age 80, we estimate per period a Gompertz—Makeham mortality model on the (constructed) age
specific mortality rates and set the mortality rates for all ages 80 and older to the predicted values.
Second, for the years 1900 to 1932 we use data from the Human Life-Table Database, which have
age specific mortality data for ages 0,1,...,105. We append those to the historical mortality
rates and smooth the resulting mortality rates over years 1790 to 1932 and ages 5 and older with
a kernel density smoother and a bandwidth parameter of 5. Third, for the years 1933 to 2021 we
use data from the Human Mortality Database with age and time specific mortality rates up to
age 110. To predict future mortality rates (needed for the computation of cohort life expectancy)
we estimate future trends in mortality by a Lee-Carter method—assuming a deterministic trend of
the single index—which we apply to the postwar data (years 1950-2021). Finally, over the entire
period (including the predicted mortality rates), we filter the data by applying a Hodrick-Prescott
filter with a bandwidth parameter of 100.

The bootstrapped confidence intervals shown in Panels (c) to (e) in Figure 1 are computed by
bootstrapping along the time dimension of the cross-sectional mortality rates, whereby we ignore
the uncertainty of the predicted mortality estimates from the Lee-Carter method. We implement
the bootstrap procedure as a block bootstrap and set the width of the blocks according to the
standard rule of thumb bw = T3. We bootstrap on the entire data sequence, starting in
year 1790 and ending in 2152%%, thus 7" = 363 and bw = 7.13, of which we take the ceil.

5Data from the Human Mortality Database range to year 2021 and to age 110. We add 20 additional years.
The horizon is thus 2021 + (110 + 1) + 20 = 2152.
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B Model Appendix

B.1 Analytical Solution to the Household Problem

Households derive utility from consumption in young age ¢}, and old age ¢/, ,,, they survive from
the first to the second period of their life with probability ¢/ which depends on their investment
14 into health goods when young. Expected lifetime utility is given by

(1= B)ulc)) + B (i) u(clyy)

which nests the benchmark specification without consumption in young age for 3 = 1. The

maximization of the utility function is subject to the constraints:

e +ip 4 prine + 50 = 2 = wpldp + Wil + T,
/it = f(tha iht)
1= g(lse, lnt)

o —
cj 1 = Rsy.

Since optimal saving is always strictly positive, potential borrowing constraints never bind and
the period budget constraints can be consolidated to the lifetime budget constraint

(0]
Civ1

R

C%l + th +ptiht + = wftlft + U}htlht + E = Ty¢. (58)

B.1.1 Division of Health Investment

We first derive the optimal split between final goods and health goods for a given amount of

health expenditures e;.

Corner Solution with i, = 0, iy, = e;:  In the corner solution the first-order conditions do not
hold with equality. From the budget constraint we get ¢, = 0, ¢sy = ;. Then health investment

1; is given by

i = flingyige) =i+ (W +ip) = (v +e)

Note, for e; = 0 the corner solution corresponds to stage 1 (no health expenditures), for e, > 0

it corresponds to stage 2 (positive health expenditures that are fully invested into final goods).
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Interior Solution: In the interior solution the first-order conditions hold with equality, they are

given by

Cwtin)™ = A

1 = Ap
Combining yields
1
NS
v+ = —
C(v+ip) o
vtip = (Cp)T¢
ife = ()¢ —v
Define A, = (Cpt)ﬁ. Then
it = S\t—l/

The quasi-linear specification means that in the interior solution there are no wealth effects for
the final health good is,. Thus, iy = S\t — v is constant and independent of e;. Using the budget
constraint, we get

lht =

€t — (S\t — V)
bt

For ¢ — 0 we get \, — 0 and, thus, taking into account the non-negativity constraints (i fesine) >
0

ift—>0

iht—>—

it — — 4V

Thus, ¢ needs to be sufficiently large for stage 2 to exist, otherwise the marginal benefit from

final goods investment is too small.

Existence of Stage 2: We want to ensure that initial health investment will be allocated
towards iy, that is, that the corner solution with 7;; = 0 and is, = e; characterized above exists.
We get the undesired corner solution with i5; > 0 and iy, = 0 (stage 2 is skipped with initial

health investment directly being allocated towards i) if the marginal cost of investing into iy,
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exceeds the marginal benefit, evaluated at iy = 0:

C(V + ift)g_l <i

|
)
3

-1 1
CV S pt

1
(Cp)T¢ <v
Xt S 1%

Then stage 2 exists as long as the optimal interior solution computed above yields i, = N—v >0
which requires the non-homotheticity factor v to be sufficiently small relative to health sector

price p; and (.

Characterizing the Stages: For a given level of health expenditures e; we can fully characterize

the stages now. Assuming )\, > v for existence of stage 2, the stages are then characterized by

]_, if €t = 0
Stage =142, if e € (0,\—]

3, if €t>5\t—l/

B.1.2 Level of Health Expenditures

Given the optimal division of health investment we now optimize over the allocation of cash z;

into consumption in young age, savings s;, and health expenditures ¢;. The household solves

max (1= B)uleny) + B (o)) ulR o = e0 = 1)

SCELEetS T

We can rewrite the household problem in terms of expenditure shares. Define the share of
consumption when young and the share of health expenditures in old age spending, respectively,

as

€t €y Dilnt + Lt
Vo = = = e 0,1},
b €t + St (1 — ﬁt,c)mt (1 — ﬁt,c)xt [ ]

Then the maximization problem can be rewritten in terms of those two spending shares

max (1 — B)u(D¢cxe) + B (ie(pr, (1 — Vi e)0r ) u( Ry (1 — D) (1 — V)

0<8¢,c,0¢,e <mt
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The first-order conditions are given by

0ty
0V .

[Pe] 0=(1— 5)u;xt — Byu, Ry (1 — Vo) + BY

. i,
81915,6

Uo

[ﬁt,e] 0= ¢

u, — thul, Ry (1 — vy .)

Note, %’:e depends on the optimal division of health investment and, thus, the level of ;..

Rearranging yields

r / / ait Uo
(1= B)u, = B, R(L =) = B/ gt
w Up 8%
R 1— - =
w/'xtR( ﬁtvc) ulo aﬁt,e

The second optimality condition describes the tradeoff between health investment and consump-

tion in old age.
B.1.3 Corner Solution of Optimal Health Investment

In stage 1 all resources are spent on consumption without any health investment, ¥, = 0.

diy
! 6192,& -
the first marginal unit of health investment e, is allocated between i, and iy,. We assume A\, > v

Moreover depends on the optimal division of health investment, that is, it depends on how

which we later verify in equilibirum. As shown above, this ensures that phase 2 exists and initial
health investment is allocated towards the final good sector is. Then health investment and its

derivatives are given by

io == I/C
(‘%t ¢ ¢—1
W’m:o a9, (v + (1 =D4.)00e7)" |9, =0 = C(1 = Dy o)
I5J)
819t o _CVQ' 1191‘/,61"19:: e=0 — 0
t,c

Consumption in young and old age are given by

Yo _
Ct = 79t,c13t

¢t = R(1 = Uyc)
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The intertemporal Euler equation can be solved analytically for the optimal share of consumption

in young age during phase 1. It is given by

01y Uo

(1= B)u, = oot R(1 = Do) = B0} 55

17 -1
1+ (L@Z)()Rl_a) ] = 19phase l,c

where Yy =1 — (1 + VC)_£ is the base survival probability during phase 1. We can further
use the 2. FOC characterizing the tradeoff between health investment and consumption in old
age to find the threshold cash level at which phase 2 begins. During stage 1 without any health
expenditure, the 2. FOC does not hold with equality, evaluated at i;(p;, e; = 0), such that

¢ Uo c%t

= > —

il =) 2 2ra5
1, . ) e, 2
¢ (1 +44) ((1 +i)t — 1> Rxy(1 — ) > (1 s +b(ctyq) 1) Ct1 819;

Plugging i:(p;, e, = 0) and ;7 in yields

1 1

E 1 + 1/ ( 1 + V - 1) RfL’t(l - 79t,c> Z (T + b(CtJrl) 1> C§+1<(1 — ﬁt,c)l’tycfl
1
§

1
(1+09) ((1 + VC)E - 1) R= (E + b(cgﬂ)o_l) G
Rewriting consumption in old age in terms of overall cash in the first stage (9;. = 0) yields

C§+1 - Rst - R(l - ﬁt,e)(l - 19phase l,c)xt - R<1 - ﬁphase l,c)xt - Ri't

where

Ty = (1 - Q9phase l,c)mt =1|1-

19 —1
14 (%@z) R f’)] z,
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is total cash spent on health investment and old age consumption during phase 1. Plugging back

in then gives

(Rjt)al) R (vt (59)

(1+1/<) ((1+u¢)€—1>RZ (1 !

%(1+1/<)<(1+V<)5—1> > (1 L

ANl

(th>gl> ez (60)

This equation characterizes the region of cash z; for which health expenditures are zero, e; = 0,

and the economy is in phase 1. For convenience define

(109 ((1+9=1) (=0, i v—0

1
Alg—
3 Cuet >0, if v>0

Thus, A; > 0 and in our case we have A; > 0 because v > 0 is necessary for the existence of

stage 2. Plugging A; back into the condition for the corner solution yields

1 < vo—1) =~
Ay > (1 — (R7;) 1) Ty

To make progress analytically we need to make assumptions on the parameters. Assume o = 2,
then

Ay > =3 + bRF}

N 1 . A
O I’?—Ext—ﬁ;

The two solutions to this quadratic equation are given by
! (14 V1+2RA,)
1/2 - 2bR 1

Ay > 0 means that /1 + 4bRA; > 1. Thus, 5 < 0, then Z; is the only economically relevant
solution. The first kick-off separating stage 1 and stage 2 is then given by

gi 1+ VA0
bR( (14 VT iR)

= EA(I) R, Ay) (61)

Tkickoffl =
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Notice that v > 0 ensures A; > 0 which in turn ensures A(b, R, Ay) > 1. Further, Ziowerbound = %

is the lower bound on cash such that there is no suicide. Then the interval

T e [jlowerboundyjkickoffl] (62)

is non-empty for v > 0 and characterizes the cash region for stage 1 without suicide. Finally, we
can map this characterization of phase 1 in terms of cash spent in old age  back into overall

cash z.

jzlowerbound jkickoffl

(]- — ﬁphase 1,c)7 (]- — ﬂphase 1,0)

(63)

MRS [Q:Iowerboundaajkickoffl] =

B.1.4 Interior Solution of Optimal Health Investment

In the interior solution we cannot solve for the shares analytically. Instead we have a system of

two equations given by

’ ’ ’ (%t U
(1= B, = B (1= i) = B0/ g2
w Uo 37,t
YR =9, =2
w,xtR( t,C) ug 8197576

Where health investment 7, and its derivatives (8%0, 8%:,@) both depend on whether we are in
stage 2 or 3 (both stages are interior solutions with respect to the optimal ;). We know that we
move from stage 2 to stage 3 when ¢, is sufficiently large, formally when e, = (1—90; .)0; o (x¢) 2z >
M\:—v. For a given x; we can solve the FOCs and find 5(1}) = (Ve(xr), Uy e(y)) with the following

steps
1. Guess ¥

2. Determine the current stage through é = (1 — @t,c)@t@x. Specifically,

2, if ée(0,\—v]

Stage =

3, |f é>)\t—l/

3. Compute ¢/, Cit %, 835,6 and % based on the stage and check if the FOCs hold

. e=(1- 19,570)1%@:70, if Stage =2
P if Stage =3
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. 0, if Stage =2

i = é—’Zf _ (1—1§t$c)’l§t,e$—%f |f Stage — 3
Ph Ph ’

0 [Cwrigi - de i Stage=2
81§t,e nh(l_f+)x> if Stage =3
9i | —Cw+ip) i, i Stage=2
algt,c _nhﬁ;_zmv if Stage =3

4. Repeat until J is found that solves the FOCs

B.1.5 Interior Solution on the BGP

We solve for the BGP using x; — oo and v(i;) = 1. In the interior solution of the BGP we have

1— Cj\t) _ (1 — ﬁt,c)xt
Y2

i, o 1
- 29, (1—v
e Wiep ( tel(l = Dre)ze + 1+

Then the 2. FOC becomes

1 , _ 1 _ 1—9Y:0)x
— (1 + Zt) ((1 + Zt)g — 1) l'tR(l — ’197570) = <— + bc§'+11) Ct_|_1M
§ -0 Dt
p; = p is constant, x; converges to infinity and i, — npip — ;72 = (1_19;#. Thus 4; and

ci+1 are both constant shares of cash x; on the BGP. For a BGP to exist we therefore require

¢ = o0 — 1. Plugging in
(1 —9.)0.x

p
c=R(1-9.)1—-9.)z

7 =

Solving for the limit case where x — oo we can find the health expenditure share on the BGP

-1
o

(pR)' ™7

=11
9 1

e
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Plugging ¥} into the Euler equation yields the BGP share of young consumption in cash

1+ (L@g [R(1 — ﬁ:)]”) i] )

U = 5

B.2 Model without Young Consumption: Characterization of Health Investment

If we abstract from consumption at young age, 8 = 1, we can characterize the full household
solution analytically along the transition, including the cash levels at which both kickoffs happen.
We again first solve for the optimal split between final goods and health goods for a given amount
of health expenditures e¢;. Then we solve for the optimal amount of health expenditures e;. Thus,

we start by solving

it = it(pr,er) = max f(ig, ine)
Lft tht
s.t. ptiht + th = €
tpe e > 0

flt,ine) = e+ (v+ iﬁt)C

Corner Solution with ¢, =0, iy, = €;:  In the corner solution the first-order conditions do not
hold with equality. From the budget constraint we get ¢, = 0, iy, = ¢;. Then health investment

13 is given by

I = f(iht, ift) =ipt + (V + Z'ft)C = (V + et)c

Note, for e; = 0 the corner solution corresponds to stage 1 (no health expenditures), for ¢; > 0

it corresponds to stage 2 (positive health expenditures but fully invested into final goods).

Interior Solution: In the interior solution the first-order conditions hold with equality, they are

given by

Cw+ip)™ = A
L = Ap
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Combining yields

1
NG|

v+ = —
C(v+is) o

vtip = ((p)¢

ife = ((p)™¢ —v
Define \; = ((pt)l%C. Then
e = S\t -V

The quasi-linear specification means that in the interior solution there are no wealth effects for
the concave good 4. Thus, iy = 5\,5 — v is constant and independent of ¢;. Using the budget

constraint, we get

€t — (Xt — V)
Dt

I =

For { — 0 we get \; — 0 and, thus, taking into account the non-negativity constraints (i, ip¢) >
0

ift — 0
€t
Yz

. €
i —r —t + VC
Yz

iht —

Thus, ¢ needs to be sufficiently large for stage 2 to exist, otherwise the marginal benefit from

final goods investment is too small.

Existence of Stage 2: We want to ensure that initial health investment will be allocated
towards iy, that is, that the corner solution with 7;; = 0 and 74, = e; characterized above exists.
We get the undesired the corner solution with i, > 0 and i, = 0 (stage 2 is skipped with initial
health investment directly being allocated towards i) if the marginal cost of investing into iy,

exceeds marginal benefit, evaluated at iy = 0:

Cw+ip)h <&
Cw)t <k
(Cpt)ﬁ <v

;\t <v
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Then stage 2 exists as long as the optimal interior solution computed above yields i s, = M—v >0
which requires the non-homotheticity factor v to be sufficiently small relative to health sector

price p; and (.

Characterizing the Stages: For a given level of health expenditures e; we can fully characterize

the stages now. Assuming A\ > v for existence of stage 2, the stages are then characterized by

1, if € = 0
Stage =42, if ¢ € (0,\ — V]

3, if €t>5\t—7/

B.2.1 Level of Health Expenditures

Given the optimal division of health investment we now optimize over the allocation of cash x;

into savings s; and health expenditures e;. That is, the household now solves

omax. ¥ (1e(pe e0)) u(resn [z — ).

Define the share of health expenditures in total spending as

e The + 1
ﬁt:_tzwe[()?l]’
Ty Ty

Then we can rewrite the above problem in terms of 1,

max 1 (it (pe, D)) u (Riaze (1= 04)) -

9:€[0,1]
The first-order condition is given by

i
0= 77/)/8—3;11 - @Z}U,Rt+1xt
t

Note, the first-order condition depends on % which in turn depends on the optimal division of

health investment and, thus, the level of ;. Rearranging yields

u ﬁzt

J%Rtﬂ = 58_19,& (64)
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B.2.2 Corner Solution of Optimal Health Investment

We get the corner solution with ¥} = 0, corresponding to stage 1 without any health expenditure,

when the FOC does not hold with equality evaluated at i;(p;, e, = 0) such that

u 8%
J%Rtﬂ > w 99,
1 . 1 - 0i
or Z (1+14,) ((1 + Zt)é - 1) TRy > (1 e + bct+11) Ci+1 aﬁi

Thus, we get the corner solution when the marginal benefit from saving one more unit is larger

than the marginal benefit from the first unit of health investment. To further characterize this

iy
' 99y

of health investment, that is, it depends on how the first marginal unit of health investment e,

condition we can plug in i;(ps, e; = 0) = /5. However depends on the optimal division

is allocated between 7, and is. We assume ;\t > v which, as shown above, ensures that initial
health investment is allocated towards the final good sector is,. Then the derivative evaluated

at ¥, = 0 is given by

8% . 0 (]/+et)<

3_791: = 8_191& v+ 191:51375)( = Cl"t’/c_l

= 55, (

Plugging i(p:, e; = 0) and % back into the corner solution condition yields

1 1

E (1 + VC) ((1 + Vg)g — 1) Ry > (: + bcf;f) Ct+1CVC_1
Rewriting consumption in terms of overall cash in the first stage (¥, = 0) yields

Ciy1 = Ryy18 = Rt+1(1 - ﬁt)xt = Ryp1my

Plugging back in then gives

1 1 _

¢ (14 0°) ((1 + VC)E — 1) > (1— +b(Ry12y)” 1) 2, (v (65)
-0

Thus, this equation characterizes the first stage: The region of cash z; for which health expen-

ditures are zero, e¢; = 0. For convenience define

(1+VC) ((1+VC>£—1> =0, if v=0

1
Alg—
§ Qe >0, if v>0
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Thus, A; > 0 and in our case we have A; > 0 because v > 0 is necessary for the existence of

stage 2. Plugging A; back into the condition for the corner solution yields

1 o
A > (1— + b (Re1my) 1) T
-0

To make progress analytically we need to make assumptions on the parameters. Assume o = 2,
then

Ay > —x + bRH—lx?
1 Ay
J— x J—
bRy bRy

0>}

The two solutions to this quadratic equation are given by

1
2bRy11

(1 /1 4bRt+1A1)

T1/2 =

Ay > 0 means that /1 +4bR;.1A; > 1. Thus, xo < 0, then z; is the only economically
relevant solution. The first kick-off separating stage 1 and stage 2 is then given by

1
Tkickoffl = DR (1 + 1+ 4bRt+1A1>
t+1

1 /1
=R (5 (1 /1 +4bRt+1A1>)
1
bRy

A(b, Riy1, Ay) (66)

Notice that ¥ > 0 ensures A; > 0 which in turn ensures A(b, R, 1,A;) > 1. Further,

Tlowerbound = bR1+l is the lower bound on cash such that there is no suicide. Then the inter-

val

WS [xlowerbound7$kickoffl] (67)

is non-empty for ¥ > 0 and characterizes the cash region for stage 1 without suicide.
B.2.3 Interior Solution of Optimal Health Investment

In the interior solution with positive health expenditures, ¥; > 0, the FOC holds with equality

: , 1 oo 01
(1+4r) ((1 +ip)* — 1> TRy = (— + bct+11) Ct—Ha_ﬁi

l1—0

E
3
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P|ugg|ng in Ct41 = Rt+18t = Rt+1(1 — 19t>xt yleIdS

b (Rea(1— wt)”—l) (10,

oV,

— 0

%(Hz't) (i)t =1) = (1 !

As before, in order to solve this equation for the share of health expenditure as a function of cash

Y(x;) we need to plug in i; and % which now both depend on whether we are in stage 2 or 3

(both stages are interior solutions with respect to the optimal ;). We know that we move from
stage 2 to stage 3 when ¢, is sufficiently large, formally when e, = ¥;(x;)x; > M\ —v. For a given

x; = & we can solve the FOC and find ¥(Z) with the following steps
1. Guess (%)
2. Determine the current stage through é = J(#)#. Specifically,

2, if éec(0,\ —v]

Stage = -
3, if é>N—v

w

. Compute 7 and g—g based on the stage and check if the FOC holds

o

. Repeat until J(&) that solves the FOC is found

In order to further characterize the level of cash xyickofr2 at which the second kick-off happens,
we can utilitze that at the second kick-off total health expenditures e; exactly equal the interior

level of final good investment

At — V= Vy(Diickoff2) Tkickoff2

Moreover, at the second kick-off health investment and its derivative w.r.t. the expenditure share

are given by
it - )\g
(%t . )\t -V
0V, Uy

Plugging those two into the FOC yields

>\t -V
Py

£ (1) (10) = 1) = (125 +b(Renlt = 000 ) (1= 0
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Now using the fact that at the second kick-off A, — v = ¥,(z)x we get

% (1 + Af) ((1 + Af)g - 1) = (i +b(Riprr — Repa (M — 1/))”_1) (1 =17

At — UV
Py

As before assume o = 2, then

é (1 - Af) ((1 + A§)5 _ 1> = (=14 b(Rep1z — Rea(\ — 1)) (1 ;tﬁt) Atp_t Y

We can again use \; — v = U4(x)z to derive

(1—19t)::v—()\t—y): T
Uy (At —v) (A — V)

and thereby eliminate the remaining v; to get

RO S ———— -

Similar to before when finding the first kick-off, again define for convenience

AE%(mg)((mg)f_l) :g: i:g

Then the FOC at the second kick-off reduces to
A2 = (i[) — ()\t — V)) (bRtJrl.fC — bRt+1()\t — V) — 1)

This is again a quadratic equation in x, simplifying further yiels

0 — xz . :1:2()\15 - V)bRt+1 + 1 + ()\t - V)QbRt+1 + ()\t — I/) — AQ
bRtJrl bRt+1

The roots of this equation are given by

Ti/2 =

Q(At - I/)bRt+1 + 1 + <2()\t - V>bRt+1 —+ 1)2 B ()\t - l/)szt+1 + ()\t — V) - A2
2R 41 2614 bRy
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which simplifies to

1

1‘1/2 = m (2(}\,5 — V)bRtJr]_ + 1+ \/ 1 + 4A2bRt+1>

=\ —v)+ (1 +1+ 4A2bRt+1>

1
2bR1

This looks very similar to the solution for the first kick-off. The new term in the beginning
(A¢ —v) is exactly the lower bound for the second kick-off because by definition it has to be that
Tkickoffz = 45t = (A¢ — v). Since as before 4450R; 1 > 0 if v > 0 the negative solution violates
that condition and can be ruled out. Then the second kick-off is given by

1
Tiickofiz = (At — V) + Wl (1 + 14+ 4bRt+1A2>

1 1
= ()\t — l/) + bRt+1 (5 (1 + \/ ]. + 4bRt+1A2>>
= <>\t - 7/) + A(b, Rt—‘,—l; AQ) (68)
bRt+1
=ip+ A(b, Riy1, As)

bRt

Notice that the wedge A(b, R;. 1, A) appears exactly the same way in both kick-offs. The only
difference is the value of A plugged into the wedge function. To compare the relative size of

those wedges first note that the wedge is increasing in A and further notice that

A= (1) ((144) 1)

> % (1+u<) ((1+VC)§—1)

1(1 + I/C) ((1 + uc)g — 1)

¢ (v
— A,

where the last inequality comes from the FOC of the optimal division of health investment
C(z/—l—ift)C*1 = plt and, thus, p; > C(V)Cil for iyy > 0. We can directly link the wedges to
savings at the kick-offs. Then the amount by which savings grow between the two kick-offs is

given by

1
bRy

AS = Skickoff2 — Skickoffl =

(A(b7 Rt+17 AQ) - A(bu Rt+17 Al))
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Thus, it makes sense that we get A(b, Ryy1, A2) > A(b, Ryy1, Ar). Also note that if A, < v
(stage 2 does not exist), we get Ay = A; and the two kick-offs derived above collapse to the
same cash value. (not yet sure expressing quantities in terms of these wedges is particularly useful
but it is a good sanity check).

B.2.4 Interior Solution on the BGP

In the interior solution of the BGP we have

82't 6 1 < ]_—C~ ) Tt
— = —— | Yy + vy + N | = —
oV, aﬁtpt et ' C ' Pt

Then the FOC for 99, becomes

: : 1 o
(1 + Zt) ((1 + Zt)é — 1) pth—i-l = (: + th+11> Ct+1

1
§
Py is constant, x; converges to infinity and i; — 75, — z%' Thus i; and ¢, are both constant

shares of cash x; on the BGP. For a BGP to exist we therefore require £ = 0 — 1. Plugging in

. vz
i =—

p
c=R(1—-9)x

and solving for the limit case where x — oo we can find the health expenditure share on the BGP

SEESH)

B.2.5 Summarizing the Phases

To summarize, the three phases are characterized by three separate region of cash at hand. The
thresholds are given by

B 1 B 1
T bR, DR,
1
TKol — A(b7 RT1+17 A1)

bRTl +1

rko2 = (M — V) +

A(b, R A
bRT2+1 ( ) To+15 2)

where T7 and T5 are the points in time at which the two kick-offs occur. The second equality

in the first equation comes from the assumption that cash starts at its lower bound in period 1
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Ty = ﬁ. Recall that

1 (1 + VC) ((1 + VC)€ — 1)
3 (et

A= (1) ((144) 1)
A(b, Ry 1, A) = % (1 + \/m>

Note that A; only depends on time-invariant parameters. Then the three regions are given by

A =

1, if z; €[z, TKko1)
Phase = {2, if x; € [xko1, Tko2)

3, if x4 € [rkoz, )
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